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The Hecke algebra of a near hexagon

by

§. Lipnisky

ABSTRACT

We compute the irreducible representations of the Hecke algebra of a
near hexagon H, which is a certain algebra of endomorphisms of the vector
space spanned by the maximal flags of H. Some divisibility conditions con~

cerning the parameters of the near hexagon are obtained.
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1. INTRODUCTION

A linear incidence system is a system (P,L) of points P and a collec-
tion L of subsets of P called lines such that every pair of points lie on
at most one line. We say that two points p and q are at distance d if their
distance in the collinearity graph I"(P,L) is d.

A near hexagon (see [4]) is a linear incidence system (P,L) such that
(i) Every point lies on at least one line
(ii) The distance between two points is at most three

(iii) For any point p and line £, there is a unique point on £ nearest p.

A near hexagon is said to have order (s,t) if each point lies omn I+t
lines and each line contains I+s points, and it is called regular with
parameters (s,t,t,) if it has order (s,t) and for each pair of points p and
q at distance two, there are 1+t lines through p containing a neighbour of

q.
2. DEFINITION AND STRUCTURE OF THE ALGEBRA

Consider a regular near hexagon with parameters (s,t,tz). Define
F={(p,£) e PxL | pedl)l. Elements of F are called flags. Let V be the

C-vector space with F as basis and define endomorphisms ¢ and T of V by

O((p”a)) = X (P','e), T((P"e)) = 2 (P,m)-
p'el pem
p'#p m#L
The Hecke algebra H is defined to be the subalgebra of EndC(V) generated by

¢ and T.
LEMMA 1. The maps o and T satisfy the relations

(1) 02 = s.1+(s-1)o, T2 = t.1+(t-1)T.

PROOF. Let (p,L) ¢ F, £ = {P,Pl,...,ps}. Then

S
o2 ((ps2)) = Y [0 + J (.,0)1= s(p,&)+(s-1)a((p,L))
i=1 j#i



and similar for 7. [

Two flags X,y € I are said to be adjacent (notation x~y) if x ny e L
orxnyeP (i.e. x = (p,4), y = (q,m) and p = qor £ =m). A gallery of
length k from x to y is a sequence x = XgoX s e esX =Y of flags such that

X X for all i = 1,...,k. We define d(x,y) as the minimal length of a

gallery from x to y.
Define further subsets Sk(x) and Tk(x) of F as follows. A flag y belongs
to Sk(x) (resp. Tk(x)) iff there exists a minimal gallery from x to y,

X = Xgs XpseesX =Y, such that Xx_ Nye L (resp. X _;nNye P) . Thus
ox = 2 Y, X = z y.
yeSI(X) YéTl(X)

THEOREM 1. Assume that the diameter of H is three. The Hecke algebra has
then dimension 12 and the defining relations are (1) and

(2) (01)3—(‘to)3+t2(s—1)((Tc)z—(cr)2)+st2(dr—rc) - 0
PROOF. Define ck, Tk € Endc(V) by
0, () = ) v, 1 = ] y-
yeSk(x) yeTk(X)

We have Si n Sj =@ (i#3), Ti n Tj =@ (i#3), S6 = T6’ Si n Tj =@
((1,3) ¢ {(4,4), (6,6)}). From o, 5 5 = (t,+Do . + tyo,
and other relations between the maps o, and Tj’ (i,3) € {1,...,6}, we get
(2). Thus dim H < 12.

On the other hand, N = {1,0

= Tgs 0Ty = O, TO

Oy eeasl = T,...,TG} is a linearly

= T
1 57 1
independent set of endomorphisms in H, so dim H = 12 and " is a basis for

H. O
3. REPRESENTATIONS OF H

THEOREM 2. The Hecke algebra H has four representations of degree 1,

ind = Xl, st = Az, X given by

3’ Al‘"



It
]

A](d) s, AI(T)

]
|
—
-

t; 12(0) = -1, xz(r)

A3(0) = 8§, k3(r) = -1 l4(0) = -1, Aa(r) =

|
t

and two irreducible representations X1 and X2 of degree 2 given by

_ _ 1 a. _ ._ ,t 0
where a, and b are complex numbers such that

aibi = s+t+ {t (s=1)-cos(mwi)[4s(t-t )+t (s=1) ]2}

PROOF. The relations (1) and (2) are satisfied if we replace ¢ by Ai(c),
resp. Xi(c) and T by Xi(T), resp. Xi(T). Since dim H = 12, we have found all

irreducible representations. In particular, we see that H is semisimple. [J

In order to find the values taken by the characters X3 of Xi (i=1,2),
we follow [2], §3. Put a. = a.b. -~ s — t and let &, = a, a, = a, b. = b,
i ii i i i
Si = 8§, T = T, Xy = X-
The elgenvalues of ST and TS are then i{at(a —4st) } Let P be a matrix
such that

ol
o

a+(a2—4st)

2 1
0 a—(a"=4st) ?

plsp, ' = p7!TP. We have T' = '}

then from Tr S' = s-1, Tr T' = t-1, we get

and put S' D and if §' = (& ),

vy

_ Zs(t—1)+(s 1)(u+(u —4st)2) g = s-l-x = —2s(t=1)+(s~ l)(—a+(a “4St)2)‘
2(a —4st)i 2(a —4st)2

Hence X((OT)k) = x((10) ) = Tr(Dk),

Tr((ST)kS) Tr(DkS'),

[]
]

x((cT)kc)
k
x ((to) 1)

Te(T(ST)S) = Tr(T'DY).

COROLLARY. The character y takes the following values




x(1) =2, x(0) =s-1, x(t) = t-1, x(o1) = a,

X((cr)z) = uz ~ 2st, x((cr)3) = a3 - 3ost,
x(010) = s(t=D+a(s=1), x((01)20) = as(t=1)+(s=1) (a’=st),
x(tot) = t(s-1)+a(t-1), x((ro)zr) = at(s—])+(t—1)(a2—st). 0

Let ¢v be the character of H affended by the representation of H on V.

Then ¢V = In, |y where the sum is over all irreducible characters of H. The

v
multiplicities nw are non—negative integers, ¢V(1) = lFl and ¢v(y) =0 for
all 1 # v e since y(x) (xeF) is a sum of flags distinct from x. Applying
both sides of ¢v = In, V to the basis vectors, we get a system of equations

]

involving the integers nw.

Moreover, the element ZX%F of V is an eigenvector of ¢ and T with
respect to the corresponding eigenvalues s, resp. t. The multiplicity is the
rank of the corresponding eigenspace, which is one, since the geometry de-
fined by P and L is connected. Thus nog = 1.

One can also show ([3], lemma 32) that o, = |FI = |P] - |L] + 1.

As a consequence of the equations, we get the following divisibility

conditions.

LEMMA 2. Let H be a regular near hexagon with parameters (S’t’tz) and let

ai be defined as above. Then

(aj+(aj—1)§$§§%§lost(s+1)(t+1)
n = ~ € Z >0 (i#j,1i,3e{1,2}).
X; (ai+s+t)(aj a.)
3 2 2 2
If t =s” + t2(s -s+1) (the M&thqn bound), then o, = s +st ~tys @, = s

1 2
and ‘

32(s+1)(sz—s+1)2(s+t2+l)(53+t2(52—s+1))
n = - .
X 2 -
1 (1+t2)(23 +st2 t2)

4. REPRESENTATIONS ON LINES AND QUADS

Fix a point p € P and consider the lines through, resp. quads on that
t(t+1)

point. Denote these sets by L, resp. Q. Then |L| = t+1, [Q] = Ty
272



We can define again the set of all flags as

F={q@eLxqQ | Leql}.

We have |F| =E(—E’i’—)— .
2

Define oy ((4,)) = [ (ma), oo (@) = T ®,s).
meq Les

n#l s#q

The defining relations of the Hecke algebra are

Z . (fi-—l)-]+(£i-~2)c

2
o = t *l+(t —l)oL, o s
2 2 Q 9 9 Q

L

2
(oQaL) = tZGQOLGQ_GLGQ6L+t20LGQ'

In this case, dim H = 7 and the irreducible representations of H are

the following

ind: 1 » 1, o » t

2
st: 1 » 1, GL > -1, GQ B -]
A 1 =1, GL s t2, cQ'+ -1
t
ty x — -1 0
: b (-2 t
x ¢ 1w 2, oL (O _1), gQ '8 ( 2 )
y -1
where x,y € € and xy = - (t+l). t(t—tz)
As before n,q4 = 1, n, = IFJ - L] - 1qQ] +1 = 5

2
An easy computation yields the other two multiplicities, which are n, = t,

n, = (t+1) (i —1).
A tz(t2+1)

These equations do not give us any new conditions, as was to be expected,
since any 2-(v,k,1) design has this Hecke algebra.
One can try to comstruct the Hecke algebra on points, lines and quads

(or on lines and quads). However, no new information is expected, since the



vector space becomes much bigger and the defining relations are harder to
find.
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